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Figure 1: Loop subdivision [21].
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Figure 2: subdivision matrix.
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Figure 3: Tangent planes of a vertex. In the upper
figure, we can see the tangent plane of a vertex
as convex combinations of tangent planes of the
neighborhood. So, if a tangent plane αp+ βq con-
tains the origin, D(αp + βq) is a point at infinity.
Therefore, the face is not bounded. Here, q is a
plane −pxx − pyy − pzz + 1 = 0 whose normal
is (−px,−py,−pz). If we write the equation of q
as pxx + pyy + pzz − 1 = 0, then the normal is
(px, py, pz) (this normal is denoted by the dashed
arrow). We consider that meshes have continuous
normals, that is, meshes are oriented. Thus, we
define the equation of q as−pxx−pyy−pzz+1 = 0.
Then, the un-bounded face is convex combina-
tions of D(p) and D(q), too.
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Figure 4: The duality between ordinary subdivision
and dual subdivision. Upper left drawing is a sur-
face which has saddle points. Upper right drawing
is the dual surface. Middle right picture is a trian-
gular mesh made by plotting points on upper right
surface. Middle left mesh is the dual mesh of the
middle right mesh. we get lower right mesh made
by ordinary subdivision for the middle right mesh.
On the other hand, we get lower left mesh made
by dual subdivision for the middle left mesh. Then,
the lower left mesh is the dual mesh of the lower
right mesh. Dual subdivision is defined as such.
Like this, dual subdivision can represent surfaces
which have saddle points.
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Figure 5: The left object in 2D has inflection points.
The right object, which is the dual of the left ob-
ject, has reversals of the normal at dual inflection
points. In 3D, such thing happens, too.
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Figure 6: A mesh in primal space.
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Figure 7: Adding an inflection plane AB,A′B. We
conform the position of vertex A′ to that of vertex
A. So, both meshes have the same topology. We
call the two-ply face AB,A′B “inflection plane".
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Figure 8: The left mesh which is made by dual
subdivision is the dual of the right mesh and not
convex and has inflection points. The right mesh
which is made by ordinary subdivision using inflec-
tion plane has dual inflection points.
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